Abstract. We give a unified approach to handle the problem of extending functions with values in a locally convex Hausdorff space E over a field K, which have weak extensions in a space F V(Ω, K) of weighted scalar-valued functions on a set Ω, to functions in a vector-valued counterpart F V(Ω, E) of F V(Ω, K). The results obtained base upon a representation of weighted vector-valued functions as linear continuous operators and extend results of Bonet, Frerick, Jordá and Wengenroth.
Introduction
We study the problem of extending vector-valued functions via the existence of weak extensions. The precise description of this problem reads as follows. Let E be a locally convex Hausdorff space over the field K of real or complex numbers and F V(Ω) ∶= F V(Ω, K) a locally convex Hausdorff space of K-valued functions on a set Ω such that the topology is induced by a family of weights V. Suppose that there is a locally convex Hausdorff space F V(Ω, E) of E-valued functions on Ω such that the map
is a linear topological isomorphism into, i.e. to its range, where F V(Ω)εE ∶= L e (F V(Ω) ′ κ , E) is Schwartz' ε-product and δ x the point-evaluation functional at x ∈ Ω on F V(Ω). The space F V(Ω)εE can be considered as a linearisation of (a subspace of) F V(Ω, E). Linearisations basing on the Dixmier-Ng theorem were used by Bonet, Domański and Lindström in [7, Lemma 10, p . 243] resp. Laitila and Tylli in [18, Lemma 5.2, p. 14] to describe the space of weakly holomorphic resp. harmonic functions on the unit disc Ω = D ⊂ C with values in a (complex) Banach space E.
1.1. Question. Let Λ be a subset of Ω and G a linear subspace of E ′ . Let f ∶ Λ → E be such that for every e ′ ∈ G, the function e ′ ○ f ∶ Λ → K has an extension in F V(Ω). When is there an extension F ∈ F V(Ω, E) of f , i.e. F Λ = f ? An affirmative answer for Λ = Ω and G = E ′ is called a weak-strong principle. For weighted continuous functions on a completely regular Hausdorff space Ω with values in a semi-Montel or Schwartz space E a weak-strong principle is given by Bierstedt in [4, 2.10 Lemma, p. 140]. Weak-strong principles for holomorphic functions on open subsets Ω ⊂ C were shown by Dunford in [9, Theorem 76, p. 354] for Banach spaces E and by Grothendieck in [16, Théorème 1, p. 37-38] for quasicomplete E. For a wider class of function spaces weak-strong principles are due to Grothendieck, mainly, in the case that F V(Ω) is nuclear and E complete (see [17, Chap. II, §3, n ○ 3, Théorème 13, p. 80]) which covers the case that F V(Ω) is the space C ∞ (Ω) of smooth functions on an open set Ω ⊂ R d (with its usual topology).
By X Ω we denote the set of maps from a non-empty set Ω to a non-empty set X and by L(F, E) the space of continuous linear operators from F to E where F and E are locally convex Hausdorff spaces. If E = K, we just write F ′ ∶= L(F, K) for the dual space and G ○ for the polar set of G ⊂ F . We denote by L t (F, E) the space L(F, E) equipped with the locally convex topology t of uniform convergence on the finite subsets of F if t = σ, on the absolutely convex, compact subsets of F if t = κ, on the absolutely convex, σ(F, F ′ )-compact subsets of F if t = τ , on the precompact (totally bounded) subsets of F if t = γ and on the bounded subsets of F if t = b. We use the symbol t(F ′ , F ) for the corresponding topology on
is equipped with the topology of uniform convergence on equicontinuous subsets of F ′ . This definition of the ε-product coincides with the original one by Schwartz [27, Chap. I, §1, Définition, p. 18]. It is symmetric which means that F εE ≅ EεF . For more information on the theory of ε-products see [19] and [22] . Further, for a disk D ⊂ F , i.e. a bounded, absolutely convex set, the vector space F D ∶= ⋃ n∈N nD becomes a normed space if it is equipped with gauge functional of D as a norm (see [19, p. 151] 
Extension of vector-valued functions
First, we recall some basic definitions and results from [24, Section 3] and introduce the spaces F V(Ω, E). We begin with the definition of a family of weights.
3.1. Definition (weight function [24, 3.1 Definition, p. 3] ). Let Ω, J, L be nonempty sets and (M l ) l∈L a family of non-empty sets. V ∶= ((ν j,l,m ) m∈M l ) j∈J,l∈L is called a family of weight functions on
The spaces F V(Ω, E) we want to study are defined as follows.
j∈J,l∈L be a family of weight functions on Ω and M top ∶= ⋃ l∈L M l . Let M 0 and M r be sets, M top , M 0 and M r be pairwise disjoint and M ∶= M top ∪M 0 ∪M r . Let (ω m ) m∈M be a family of non-empty sets such that Ω ⊂ ω m for every m ∈ M top and T ′ be a separating subspace, (T E m , T K m ) m∈M a strong, consistent family for (F V, E) and U a set of uniqueness for F V(Ω). When is the injective restriction map
The Question 1.1 is a special case of this question if there is a set of uniqueness U for F V(Ω) which corresponds to {δ x x ∈ Λ}, Λ ⊂ Ω. To answer Question 3.11 for general sets of uniqueness we have to restrict to a certain class of separating subspaces of E ′ .
3.12. Definition (determine boundedness [8, p. 230] ). A linear subspace G ⊂ E ′ determines boundedness if every σ(E, G)-bounded set B ⊂ E is already bounded in E.
F V(Ω) a semi-Montel space and E complete
The following proposition is a modification of [22, Satz 10.6, p. 237] and uses the map R f from Remark 3.8.
3.13. Proposition. Let F V(Ω) be a semi-Montel dom-space and U a set of unique-
is a Banach space by [26, Corollary 23.14, p. 268] . We claim that the restriction of
The left-hand side converges to
Hence we have The proof of the following theorem for surjectivity of R U,E ′ is just an adaption of the proof of surjectivity of S given in [24, 3. 14 Theorem, p. 9].
3.14.
where
* the canonical injection and equip J (E) with the system of seminorms given by
for all α ∈ A where
where 
and
for all α ∈ A, we gain that
is a Cauchy net in the complete space J (E). Hence it has a limit g ∈ J (E) which coincides with R
We conclude that R
So we get for all α ∈ A and y ∈ F V(Ω)
.
If U is a set of uniqueness of which corresponds to {δ x x ∈ Λ}, Λ ⊂ Ω, then we get [13, 0.1, p. 217] as a special case.
F V(Ω) a Fréchet-Schwartz space and E locally complete
We recall the following abstract extension result.
Next, we generalise [8, Theorem 9, p. 232] using the preceding proposition. The proof of the generalisation is simply obtained by replacing the set of uniqueness in the proof of [8, Theorem 9, p. 232] by our more general set of uniqueness.
3.16. Theorem. Let E be locally complete and
determines boundedness. Applying Proposition 3.15, there is an extensionÂ ∈ F V(Ω)εE of A and we set F ∶= S(Â). We note that
Let us demonstrate an application of the preceding theorem to Fourier expansion in the Schwartz space. We recall the definition of continuous partial differentiability of a vector-valued function. A function f ∶ Ω → E on an open set Ω ⊂ R d to an lcHs E is called continuously partially differentiable (f is C 1 ) if for the n-th unit vector e n ∈ R d the limit
For an lcHs E we define the Schwartz space of E-valued rapidely decreasing functions by
Due to [24, 5. 10 Example a), p. 24] the partial differential operators form a strong, consistent family for (S, E). We recall the definition of the Hermite functions. For n ∈ N 0 we set
and define the n-th Hermite function by
If E is sequentially complete, then f h n is Pettis-integrable on R d for every f ∈ S(R d , E) and n ∈ N d 0 by [25, 4. 12 Proposition, p. 21] and we define the n-th Fourier coefficient of f by the Pettis-integral
to the defining family of (S, E) and 
Even more is true. Defining the space of E-valued rapidely decreasing sequences on 
is a (linear topological) isomorphism if E is sequentially complete. A similar application improves [25, 4. 15 Theorem, p. 26] from sequentially complete E to locally complete E.
F V(Ω) a Banach space and E locally complete
We recall the following extension result for operators.
Proposition ([12, Proposition 2.1, p. 691])
. Let E be locally complete, G ⊂ E ′ determine boundedness, Z a Banach space whose closed unit ball B Z is a compact subset of an lcHs Y and
m∈M be a strong, consistent family for (F W, E) and a defining family for (F V, E). Let the inculsion F V(Ω) ↪ F W(Ω) be continuous. Consider a set of uniqueness U for F V(Ω) with V = (ν 1,1,m ) m∈M1 and a separating subspace
with f ∶= S(u) by Remark 3.9. Further,
for every x ∈ Ω and m ∈ M 1 which implies that for every e ′ ∈ E ′ there are α ∈ A and C > 0 such that
Hence f e ′ ∈ F V(Ω) for every e ′ ∈ E ′ and R U,G (f ) ∈ F V G (U, E). Therefore the injective linear map
is well-defined. Now, we are able to generalise [12 3.19. Theorem. Let E be locally complete and G ⊂ E ′ determine boundedness. Let (T E m , T K m ) m∈M be a defining family for (F V, E) and a strong, consistent family for (F W, E), F V(Ω) a Banach space with V = (ν 1,1,m ) m∈M1 whose closed unit ball B F V(Ω) is a compact subset of F W(Ω) and U a set of uniqueness for F V(Ω). Then the restriction map
is surjective.
Since B Z is a compact subset of Y , it follows that Z is a linear subspace of Y and the inclusion Z ↪ Y is continuous which yields y
for every e ′ ∈ G and (m, x) ∈ U we have that A is σ(X, Z)-σ(E, G)-continuous. We apply Proposition 3.18 and gain an extensionÂ ∈ Y εE of A such thatÂ(B ○Y ′ Z ) is bounded in E. We set F ∶= S(Â) and get for all (m, x) ∈ U that
m∈M be a strong, consistent family for (F W, E) and a defining family for (F V, E). Let the inculsion F V(Ω) ↪ F W(Ω) be continuous and F V(Ω, E) be a linear subspace of F W(Ω, E). From the continuity of F V(Ω) ↪ F W(Ω) follows that δ x ∈ F V(Ω) ′ for every x ∈ Ω and the continuity of the inclusion F V(Ω)εE ↪ F W(Ω)εE. Hence we have u F W(Ω) ′ ∈ F W(Ω)εE for every u ∈ F V(Ω)εE and
This implies that (T
) is bounded in E}).
If u ∈ F V(Ω)εE and α ∈ A, then there are C 0 , C 1 > 0 and an absolutely convex,
by consistency yielding GVW(Ω, E) ↪ F V(Ω, E). Thus GVW(Ω, E) is a space between F V(Ω)εE and F V(Ω, E).
Extension of locally bounded functions
In order to obtain an affirmative answer to Question 3.11 for general separating subspaces of E ′ we have to restrict to a certain class of sets of uniqueness.
4.1. Definition (fix the topology). Let F V(Ω) be a dom-space. U ⊂ ⋃ m∈M {m}×ω m fixes the topology in F V(Ω) if for every j ∈ J and l ∈ L there are i ∈ J, k ∈ L and C > 0 such that
In particular, U is a set of uniqueness if it fixes the topology. The present definition of fixing the topology is a generalisation of [8, Definition 13, p. 234].
4.2.
Definition (lb-restriction space). Let F V(Ω) be a dom-space, U fix the topology in F V(Ω) and G ⊂ E ′ a separating subspace. We set
Consider a set U which fixes the topology in F V(Ω), a separating subspace G ⊂ E ′ and a strong, consistent family (T
) m∈M a strong, consistent family for (F V, E) and U fix the topology in F V(Ω). When is the injective restriction map
F V(Ω) arbitrary and E a semi-Montel space 4.4. Proposition. Let E be a semi-Montel or Schwartz space, F V(Ω) a domspace and U fix the topology in
is relatively compact in F V(Ω) for every f ∈ F V E ′ (U, E) lb and α ∈ A where B α ∶= {x ∈ E p α (x) < 1} and R f the map from Remark 3.8.
The bounded set N U,i,k (f ) is already precompact in E because it is relatively compact if E is semi-Montel resp. by [19, 10.4 
By Proposition 4.4 there are i ∈ J, k ∈ L and C > 0 such that 
the Mackey-Arens theorem. Like in Theorem 3.14 we obtain J −1 
4.7.
Definition (diagonally dominated, increasing). We say that a family V ∶= ((ν j,l,m ) m∈M l ) j∈N,l∈N of weights on Ω is diagonally dominated and increasing if M l ⊂ M l+1 for all l ∈ N and ν j,l,m ≤ ν max(j,l),max(j,l),m for all m ∈ M l and j, l ∈ N as well as ν j,j,m ≤ ν j+1,j+1,m for all m ∈ M j and j ∈ N.
′ a separating subspace and V diagonally dominated and increasing. a) If U fixes the topology in F V(Ω), then 
Proof. Let f ∈ F V G (U, E) lb . We set X ∶= span(⋃ j∈N B j ) with B j from Remark 4.8 b) and Y ∶= F V(Ω). Let A∶ X → E be the linear map determined by
The map A is well-defined since G is σ(E ′ , E)-dense, and bounded on each B j because A(B j ) = N U,j (f ). Let e ′ ∈ G and f e ′ be the unique element in
) for all (m, x) ∈ U j with U j from Remark 4.8 b). This equation allows us to consider f e ′ as a linear form on
we apply Theorem 4.9 and obtain an extensionÂ ∈ F V(Ω)εE of A. We set F ∶= S(Â) and observe that for all (m, x) ∈ U there is j ∈ J such that (m, x) ∈ U j and ν j,j,m (x) > 0 by (2) and because V is diagonally dominated and increasing. Therefore
by consistency connoting R U,G (F ) = f . . Let E be locally complete, G ⊂ E ′ determine boundedness and Z a Banach space whose closed unit ball B Z is a compact subset of an lcHs Y . Let
m∈M be a strong, consistent family for (F W, E) and a defining family for (F V, E). Let the inculsion F V(Ω) ↪ F W(Ω) be continuous. Consider a set U which fixes the topology of F V(Ω) with V = (ν 1,1,m ) m∈M1 and a separating subspace
for every x ∈ Ω and m ∈ M 1 which implies that
Hence R U,G (f ) ∈ F V G (U, E) lb . Therefore the injective linear map ) is bounded in E}) → F V G (U, E) lb is surjective.
Proof. Let f ∈ F V G (U, E). We set B 1 ∶= {T 
Extension of sequentially bounded functions
5.1. Definition (sb-restriction space). Let E be a Fréchet space, (B n ) fix the topology in E and G ∶= span(⋃ n∈N B n ). Let F V(Ω) be a dom-space, U a set of uniqueness for F V(Ω) and set F V G (U, E) sb ∶= {f ∈ F V G (U, E) ∀ n ∈ N ∶ {f e ′ e ′ ∈ B n } is bounded in F V(Ω)}.
Let E be a Fréchet space, (B n ) fix the topology in E, G ∶= span(⋃ n∈N B n ), (T E m , T K m ) m∈M be a strong, consistent family for (F V, E) and U a set of uniqueness for F V(Ω). For u ∈ F V(Ω)εE we have R U,G (f ) ∈ F V G (U, E) with f ∶= S(u) by Remark 3.9 and for j ∈ J and l ∈ L p α (f ) = f j,l,α < ∞
